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ABSTRACT

The solidification of a binary alloy in a remelting
process is considered. The temperature distribution in
an ingot in quasi-steady state in a externally cooled
cylindrical mold is determined, from which the liquidus,
mushy and solidus regions are found. Normal non-equilib-
rium solidification is assumed. Curves are presented

for aluminum -4.5% copper alloy system.



ii

NOMENCLATURE
Roman letters
a constant
CS average concentration of solute in
solid weight percent
CL average concentration of solute in
liguid weight percent
g specific heat of solid (cal/gr°c)
cr specific heat of liquid (cal/gr°c)
c specific heat and expression
defined in eq. (19) (cal/groc)
c,, specific heat of water (cal/gr®c)
D, crucible channel width (cm)
dm mold thickness {cm)
dg gap thickness (cm)
ds slag skin thickness (cm)
fS fraction of solid
fL fraction of liquid
enthalpy of the alloy (cal/gr)
HS enthalpy of the solid phase
(cal/gr)
H.', HS” enthalpy of the components of the solid
S phase, solute and solvent (cal/gr)
HL enthalpy of the liquid phase
(cal/gr)
HL', H_" enthalpy of the components eof the liquid
L phase, solute and solvent (cal/gr)
h total heat transfer (cal/sec cm2°C)

coefficient



total heat transfer coefficient
including radiation

iii

2 0

effects (cal/sec cm
mold to water convection 2 o
factor (cal/sec cm
heat of mixing in the solid
(cal/gr)
heat of mixing in the liquid
(cal/gr)
scale constant
parameter equal to RU (cmz/sec)
parameter equal to RH (cal/sec cm OC)
max
thermal conductivity (cal/sec cm °¢)
solid thermal conductivity o
(cal/sec cm ~C)
liquid thermal conductivity o
(cal/sec cm ~C)
thermal conductivity in the
gap between mold and ingot o
(cal/sec cm ~C)
thermal conductivity of the o
mold (cal/sec cm ~C)
slope of the liguidus line
radius of the ingot (cm)
radial coordinate dimensionless
radial coordinate (cm)
temperature (OC)
melting point temperature o
of pure solvent (TC)
ligquidus temperature of o
alloy (7c)

C)

C)




Greek letters

aAg0 DO

iv

solid line (or eutectic) (°C)
temperature

the maximum temperature of ingot at o
center of surface in contact with slag (°C)

cooling water temperature (OC)
time

speed of progress of the melt
(cm/sec)

specific volume of the alloy

(cm™/gr)
specific volume of the solid
phase (cm™ /gr)
specific volume of the liquid
phase (cm™/gr)
water velocity in mold (cm/sec)

transformed z coordinate

axial coordinate dimensionless
axial coordinate (cm)
length of the ingot dimensionless

depth of the solid line dimensionless

depth of the liquid line dimensionless

interchange factor for radiation
viscosity of water (gr/sec cm)

Transform of the temperature
defined in eq. (17)

density of the alloy (gr/cm3)
density of the water (gr/cm3)

o)
Stefan-Boltzman constant (cal/sec cm2 C4)



INTRODUCTION

The solidification of a binary alloy, such as alum-
inum -4.5% copper, is considered in the electroslag
remelting process. This process is closely related to
the continuous casting process, but differs in that the
velocity of growth of the ingot is not of such a magni-
tude greater than the velocity of the solidifying front
to allow the heat transfer to be treated as one dimensional.
Also since alloy solidification is considered, a third
region, "the mushy zone", is introduced, in addition to
the solid and liguid regions.

The solidification of a pure metal in vaccum arc
melting for two dimensional transient heat flow using an
explicit finite difference numerical method was considered
by Manior and Pierce (l). Wood (2) proposed semi-analy-
tically derived expressions for the shape of the solid-
liquid interface for the same case. A study of the thermal
equilibrium associated with the process is given by Rossin
(3). Experimental studies to determine the shape of the
liquid pool have been made by Bungardt and Tromel (4) and
by Beall, et. al. (5)(6). Recently Patel and Boley (7) did
an analytical study which included imperfect mold contact.

Alloy solidification studies from the heat transfer
point of view have been made by Tien (8), Tien and Geiger
(9) (10) and by Koump, Tien and Kim (ll). The process of

electroslag remelting is described by Bhat (12).




STATEMENT OF PROBLEM

The electroslag remelt process consists of an elect-
rode, of any size and shape, melted into a water coocled
crucible. The liquid metal that forms at the top of the
electrode falls to the bottom of the crucible and feeds
a growing ingot. The electric current flows between the
electrode and the crucible through a molten flux or slag,
which always remains at the top of the ingot, covering
part of the electrode. The slag excludes the outer atmos-
phere from the liquid metal, and also aids in refining
the metal. Heat is withdrawn by a water cooled crucible.
The rate of heat production and slag temperature determine
the solidification process. A fast rate of melting will
cause a deeper liquid pool in the ingot which will in
turn tend to produce radially oriented grain-growth,
while a slow melting rate produces grains which are more
axially oriented.

Bungardt and Tromel (4) and Clites and Beall (13)
show from experimental work in vacuum-arc melting that
the liquid pool shape remains fairly constant after the
ingot length is more than one diameter. This should
also be the case for electroslag remelting where the heat
of dissipation is more uniform and stable.

In the ingot the latent heat of solidification is
released in a mushy zone between the liquid and solid

regions, since solidification takes place in a definite



range of temperatures.

The object here is to determine from the temperature
distribution in a cylindrical ingot the shape of the
respective zones when the process reaches a guasi-steady

state condition.

PROPERTIES

The liquid and solid phases of a binary alloy can
coexist in equilibrium at different temperatures depending
on the composition of the phases and, in general, the
portion of solid just frozen has a different composition
than the liquid from which it came. This affects the
concentration in both the remaining liquid and solid, and
requires that a different value of temperature of equil-
ibrium be maintained.

For phase diagrams with linear solidus and liquidus
lines, the solid fraction fS for the "normal non-equil-
ibrium solidification" is shown by Pfann (14) to be:

1

T =T 1-C
£,= 1 - (kT Y (Eq. 1)
"

The equilibrium partition ratio, is a constant in

C ,
s/cL

this case. Note that when T equals T f. is still

s’ °s
positive, and equation (1) is no longer valid. The remain-
ing liquid solidifies isothermally since its composition

is the eutectic, and thus a discontinuity occurs in the

heat release.




Dendritic growth will be assumed in the mushy zone.
The dendrites can be considered as extending from the
solid to the liquid phase (11) (15) (16). The temperature
at the top of the dendrite is the liquidus one correspon-
ding to the alloy and the temperature in the base is that
of the eutectic.

Most of the data for alloys reported in the literature
is for the solid state and then only for a discreet number
of compositions. The properties of specific volume and
specific heat of an alloy and its composition approaches
linearity closely enough so that these properties can be
calculated directly from the contribution of the compon-
ents. The following equations were constructed from data
given in references (17), (18) and (19). For the specific

volume of aluminum

vg 0.3706 + 0.39 - 10™%(7-25) (Eq. 2)
Al

0.4007 + 0.39 - 10~%(T7-25) (Eq. 3)

v
Lay

For the specific volume of copper

vg = 0.1161 + 0.0416 - 1074 (£-25) (Eq. 4)
Cu

v
LCu

0.1216 (Eg. 5)

The alloy specific volume is then calculated from

Ve = Va1 = (Va1 7 Ve Ceu (Eq. ©)
The specific heats of aluminum can be given as
-4
Cg = 0.215 + 2(0.551 * 10 ') (T-25) (Egq. 7)

Al



cr, = 0.259 (Eg. 8)
Al

The specific heats of copper are

-4

c
SCu

0.092 + 2(0.1087 - 10 ) (T-25) (Eq. 9)

L 0.118 (Eq. 10)
Cu

The specific heat of the alloy can be calculated as the
derivative of the enthalpy of the alloy with respect to
the temperature. The enthalpy is determined by adding
the contributions of the components, the heat of mixing
and the possible heats of transformation.

Kubashewsky and Catterall (20) give, for up to 33

per cent by weight of copper, the heat of mixing, HML

r

of the liquids as

~9000N,,_
Hvi, = 65.34 N__ + 26.98 (1-N__) (Eq. 11)
Cu Cu
26.98C,
“eu T 26,98 ¢, + 63.54(1-C)) (Eq. 12)

The heat of mixing of the solid phases can be consid-
ered as a constant., Solid state transformations need not
be considered as the transformations are suppressed at
these cooling rates. The latent heat of fusion of alum-
inum is taken as 94.6 cal/gr at 660.2 degrees Celsius
and for copper, 50.6 at 1083 degrees.

The thermal conductivity of the alloy can not be
calculated easily from the corresponding values of its
components, so extrapolation for the different concen-
trations and temperatures were made from references (18),

(19), (20) and (21). The expression used is



kK = 0.56 + (~2.27 + 4.67 C.)C. — 0.1261 * 10~>(T-25)

S) S
(Eq. 13)
and is plotted in Figure 1. Because of the assumption of
dendritic growth in the mushy zone, the phases can be
considered as resistances in parallel with respect to heat
flow, so the overall thermal conductivity for each fraction

of the solid present is given as

k = fgkg + (1 - £5)k, (Eq. 14)

GOVERNING EQUATIONS

The shape of the interfaces between the liquid, mushy
and solid zone can be determined from the temperature
distribution since definite values of the temperature are

associated with them. The Fourier equation of heat

conduction
V-(kyT) = ‘)cg% (Egq. 15)
becomes, when symmetry about the axial direction is assumed,
2 2
2% , 9@ , 1 36 + pc .. 30 _ .2 pc 96
2 + 2 + r ©or gi RU 87 R gi ot (Eq. 16)
dr b YA
where T
ar
o = % k(T) (Eq. 17)
T
r

(K is a constant of proportionality and Tr is a reference
temperature)

and, as shown in Figure 2,

z = % (z' - Ut) (Egq. 18)
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TOP OF THE INGOT

r=| SIDE OF

/ THE INGOT

z:(z'-ut) /R ——»=]
C .l
(@]
el ——
~N

Figure 2 - System of coordinates for growing
ingot.



Note that U, the velocity of ingot growth, is a negative

value. In equation (16)
dH dH dH af
- T _ S __L - _S
c 3T fg o + (l-fs) 3T + (HS HL) ST (Eg. 19)
where Hy = £(T) - Hy(T) + [1-£0m)] B (T)  (Eq. 20)
HS = CSHS + (1-C )Hé + HMS(T) (Eg. 21)
HL = CLHL + (l—CL)Hi + HML(T) (Eg. 22)
dH ac d
_§ — ] " [} n S I-INIS
3T - CscS + (1—cS )cS + (HS - HS) 3T + 7 (Eg. 23)
dH dc d
L — ] n [] - " L I—IML
3T = chL + (1-cL)cL + (HL HL) 7 + ST (Eq. 24)

Assuming that the solidus and liquidus lines are straight
lines, then

Co (l—fS)
Cp = (Ty - T)mL and Cg = §g - ——E;——-CL (Eg. 25)

and its derivative with respect to temperature is

dCS _ CL--CS dfs _ l-fS dCL - 26)
4T £ ar £ 4T d-

S S
Use of Equations (23), (24), (25), along with (11)

and (2) permit the evaluation of the derivative of the

total enthalpy, equation (19).

BOUNDARY CONDITIONS

At the lateral side of the ingot, r=1, the boundary

condition is

°T _ _
-k 35 = Rh(T Tw) (Egq. 27)



where the thermal conductivity, k,

10

of the ingot is eval-

uated at the ingot surface temperature, T at r=1.

The total heat transfer coefficient,

tant,

and must be evaluated,

h'is not cons-

neglecting radiation and

convection in the gap between the solidified part of

the ingot and mold, by the expression
1 dm Eﬂ ds -1
h' = G+t ) (Eq. 28)
' m g s
where
L. Eﬂ ( wVwa) 0.8 (ch&) 0.33 (E 29)
w D A k 4.
w \

A representative value for dm is one centimeter and

for a copper mold, k  is taken as 0.88 at 400°c.

thickness of the gap dg is

continuous casting processes

ivity of air, kg, in the gap is 0.14 x 10~

d

The

of the order of 1073 cm in

(22). The thermal conduct-

3 at 500°.

The ratio EE is in the order of 10 considering slag con-

S -2
ductivities of 10 7.

To calculate the heat
including radiation inside

by Irving (22) is
3
n-h' _ €T dgT [

h B k
g

(1 +

The emissivity, €, is

The function h versus

transfer coefficient, h,

the gap, the relation derived
073, T, 213)][ 2132
)+ o a )
T T-T, T ‘JL T
T -T
1l "w 273 2]
(T—T + T ) (Eq. 30)

taken to be 0.5.

distance, z, along the lateral

sides of the ingot (r=1) used in the analysis is shown on
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figure 3. It is assumed that the gap starts forming at
temperature, TS' and from there on an exponential decrease
of h with (Z - 2g5) is considered which corresponds more
or less with the exponential growth of the gap and which
approximates the trend found by Cliff and Dain (23) in
their work for continuous casting.

The boundary condition at the bottom of the ingot,
at z = zO—Ut where Zg is the initial length of the ingot
is

oT _
-k 57 = Rh(T—Tw) (Eg. 31)

for the initial transient condition, and which degenerates
to T = T, as the ingot grows and reaches the quasi-steady
state condition.

A parabolic temperature distribution for heat generated
uniformly inside a cylinder,

T = (

T - T Eg. 32
slag L)r (Eq )

Tslag -
can be applied at the top of the ingot (z = 0). A more
precise boundary condition would require an investigation
of the electric current distribution in the slag.

The temperature at r=1, z=0 is taken as the liquidus
temperature, TL' A lower value would imply a non-uniform
growth, while a higher one would require a shifting of the
coordinate system to place T; at the origin, and a modif-

ication of the heat transfer coefficient, h, on the lateral

side of the ingot.
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SOLUTION OF EQUATIONS

An analytical solution was impratical so a finite
difference solution was used, the complete details of
which are given in reference (24). An important feature
of this solution is the introduction of a new transformation
of independent variables to extend the region corres-
ponding to the upper portion of the ingot so that a sig-
nificant number of mesh points are included in the
mushy zone without the necessity of using too small a

mesh size. This transformation is of the form

X = e (Eq. 33)
where a is an appropriately chosen constant. The Alter-
nating Direct Implicit (ADI) method of Peaceman and
Rachford (25), was used for the numerical computer
solution. The quasi-steady state was reached by iter-
ations on the transient finite difference equations. The
ingot lengths were one diameter or less when quasi-steady
state was reached. Since the transient temperature
distribution is highly dependent on initial temperature
distribution, the results of the transient condition are
not of significant value from which to draw any conclusions.
In the quasi-steady state condition, two significant

parameters are

Ry

RU (cm2/sec)

K Rh (cal/sec cm®C)

2 max
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The overall heat transfer coefficient, h, at the
boundary, r=1, will depend on the particular config-
uration of the mold. A representative value of hmax =
0.04 and h_,= 0.0167 (see figure 3) is used here. The
numerical values used for K, are such that along with
hmaX = 0.04 the ingots are of radius 4, 6, 12, and 24 cm.

For the quasi-steady state condition, which corres-
ponds to an ingot of infinite length, figures 4 to 15
show the shape of the solid and liquid lines determined
from the temperature distribution in the ingot for various
values of K1 and K2, where the slag temperature is
assumed to be 644°C, 664°C and 684°C, which correspond
to the liquidus temperature of the alloy, 20°C and 40°c
superheat, respectively.

Figure 16 shows QB' the heat flow distribution at
the boundary, r=1, as a function of z for various values

of U, for the quasi-steady condition.
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Tslag = 644 °C
Ko = 0.48 cal/sec c¢cm °C
(@) K; = 0.12 cm2/sec
(b) K; =0.36 cm2/ sec
(c) K; =0.60 cm2/ sec
(d) K, = 0.84 cm2/sec
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Tslag = 644 °C

18
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Tslag = 664 °C
K2
(a) Ky

0.24 cal/sec cm °C

0.12 cm2/sec

(b) Ky = 0.36 cm2/ sec
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Figure 9 = Solid and liquid interfaces, Zg, and z

in quasi-steady state, L’
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Tslag = 664 °C
Ko = 0.48 cal/sec cm °C

(@) K; =0.12 cm2/sec
(b) K; =0.36 cm2/ sec
(c) K; = 0.60 cm2/ sec
(d) K, = 0.84 cm2/sec
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Tslag = 664 °C

K2 = 0.96 cal/sec cm°C
(a) K; =0.12 cm2/sec

(b) K, =0.36 cm2/ sec
(c) Ky =0.60 cm2/ sec
(d) K, = 0.84 cm2/sec
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Tslag = 684 °C
Ko = 0.16 cal/sec cm °C
(a) K; =0.12 cm2/sec
(b) K; = 0.36 ¢cm2/ sec
(c) Ky =0.60 cm2/ sec
(d) Ky = 0.84 cm2/sec
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Figure 12 - Solid and liquid interfaces, zg and Zy s
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Tslag = 684 °C
24

Kz = 0.24 cal/sec c¢cm °C
(a) K; =0.12 cm2/sec
(b) K; = 0.36 cm2/ sec
(c) K; =0.60 cm2/ sec
(d) K; = 0.84 cm2/sec
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Figure 13 = Solid and liquid interfaces, zg and Z s
in quasi-steady state.



Tslag = 684 °C

K2 = 0.48 cal/sec c¢cm °C
(@) Ky =0.12 cm2/sec
(b) K; =0.36 cm2/ sec
(c) K; = 0.60 cm2/ sec
(d) Ky = 0.84 cm2/sec
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Figure 14 - Solid and liquid interfaces, Z2g and Zr

in quasi-steady state.
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Tslag = 684 °C

K2 =0.96 cai/sec cm °C
(@) K; =0.12 cm2/sec
(b) K{ =0.36 cm2/ sec
(c) Ky =0.60 cm2/ sec
(d) K; = 0.84 cm2/sec
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Figure 16 - Heat flow per unit area at the surface
r =1,
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CONCLUSIONS

The results show that the influence of superheating
on the shape of the mushy zone is not too severe after some
superheating exists. This is a favorable factor since
the values of TSlag are difficult to determine precisely.

A direct comparison with experimental data was not
possible due to the lack of information in the literature
on the location of the mushy zone in a cylindrical ingot.

Qualitatively the results agree with experimental
evidence concerning the shape of the liquid pool (an
inverted bell-shape), with the strong dependence of the
depth of the pool with the velocity of melting, and with
the heat flux distribution to the cooling water.

Figure 17 shows a typical comparison of the shapes of
the mushy zone in which the heat release distribution is
calculated by the linear heat release model, the parabolic

heat release model and the normal non-equilibrium model.
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